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1 Symmetric Functions
First we review the construction of the ring of symmetric functions. We will assume basic notations for partitions and

(skew) tableaux following [Ful96].

Let Z[x1, x2, . . .] be the polynomial ring over Z in countably many variables { x i }i≥1.

Definition 1: Let λ = (λ1 ≥ · · · ≥ λn ≥ 0) be any partition with length ℓ(λ) ≤ n. Then the monomial symmetric
function mλ is defined by

mλ =
∑

α

xα,

where the summation is taken over all permutations α of λ.

Definition 2: Let Λk ⊆ Z[x1, x2, . . .] be the ring generated by all of the monomial symmetric functions mλ as λ ⊢ k

ranges over all partitions of k. We have that Λk is the free Z-module of rank p(k), where p(k) is the number of partitions of
k. The ring of symmetric functions Λ is the direct sum

⊕

k≥0Λ
k. This is a graded ring where each x i has degree one. To

obtain the ring of symmetric functions ΛA over rings A other than Z, repeating the above construction gives ΛA ≃ Λ⊗Z A.

As an aside, we also give the construction of Λ as a limit of graded rings following [Mac95]. For n ≥ 0, let Λn =

Z[x1, . . . , xn]Sn be the ring of symmetric polynomials over Z in n variables. For k ≥ 0, let Λk
n be the k-th graded component

of Λn, where each x i has degree one. For m≥ n, we have a restriction morphism ρm,n : Λm→ Λn sending xn+1, . . . , xm to
zero and x1, . . . , xn to themselves. Furthermore, ρm,n respects the grading and so we have ρk

m,n : Λk
m→ Λ

k
n for all k ≥ 0 and

all m≥ n≥ 0.

The ring of symmetric functions Λ has as the k-th graded component the inverse limit Λk := lim←−
n

Λk
n and we define

Λ :=
⊕

k≥0Λ
k. Note that this limit is over graded rings and so we do not have elements such as

∏∞
i=1(1+ x i). To obtain the

ring of symmetric functions ΛA over rings A other than Z, repeating the above construction gives ΛA ≃ Λ⊗Z A.

1.1 Alternative Bases for the Ring of Symmetric Functions

Definition 3:

• For r ≥ 0, the r-th elementary symmetric function er is defined by

er =
∑

i1<···<ir

x i1 · · · x ir
= m(1r ).

For a partition λ = (λ1,λ2, . . .) we define eλ = eλ1
eλ2
· · · . The Fundamental Theorem of Symmetric Functions states

that over finitely many variables, say x1, . . . , xn, the elementary symmetric functions e1, . . . , en are algebraically
independant and Λn ≃ Z[e1, . . . , en]. For a clean proof of this fact due to van der Waerden, see [Stu08, Theorem
1.1.1].

• For r ≥ 0, the r-th complete homogeneous symmetric function hr is defined by

hr =
∑

i1≤···≤ir

x i1 · · · x ir
=
∑

λ⊢r

mλ.

For a partition λ= (λ1,λ2, . . .) we define hλ = hλ1
hλ2
· · · .

1



• For r ≥ 0, the r-th power sum symmetric function pr is defined by

pr =
∑

i≥1

x r
i = m(r).

For a partition λ= (λ1,λ2, . . .) we define hλ = hλ1
hλ2
· · · .

1.2 Schur Functions We follow [Sta23, Chapter 7] for the exposition on Schur functions.

Definition 4: For a Young tableaux T , its type is the vector α = (α1,α2, . . .) where αi is the number of entries of T

labeled with i. If T has type α, write x T = xα1
1 xα2

2 · · · . For a partition λ, the Schur function sλ(x) is defined by

sλ(x) =
∑

SSYT T of shape λ

x T

where the summation is taken over all semistandard Young tableau of shape λ.

Note that the Schur functions also form a basis of Λ.

Proposition 5: Let
aδ = det
�

xn− j
i

�

1≤i, j≤n
=

∏
1≤i< j≤n

(x i − x j)

be the Vandermonde determinant. For a partition λ= (λ1 ≥ · · · ≥ λn ≥ 0), the alternant aλ+δ is the determinant

aλ+δ = det
�

x
λ j+n− j
i

�

1≤i, j≤n
.

Then sλ(x1, . . . , xn) =
aλ+δ
aδ

.

Proposition 6: For a partition λ, we have that

sλ(x) = det
�

hλi+ j−i(x)
�

1≤i, j≤n,

sλ′(x) = det
�

eλi+ j−i(x)
�

1≤i, j≤n,

the Jacobi-Trudi and Nägelsbach-Kostka identities respectively.

In particular we have that er = s(1r ) and hr = s(r).

Theorem 7 (Pieri Rules): For a partition λ and an integer r ≥ 0, we have that

hr(x) · sλ(x) =
∑

µ

sµ

where the summation over µ is over all partitions µ formed by added r boxes to the diagram of λ such that no two boxes
are added to the same column.

We also have that
er(x) · sλ(x) =
∑

µ

sµ

where the summation over µ is over all partitions µ formed by added r boxes to the diagram of λ such that no two boxes
are added to the same row.
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1.3 An Involution and Inner Product

Definition 8: We have a map ω: Λ→ Λ given by ω(eλ) = hλ.

Proposition 9: One can check that ω(hλ) = eλ so that ω is an involution. Furthermore, we have that ω(pλ) =
(−1)|λ|−ℓ(λ)pλ and ω(sλ) = sλ′ .

Definition 10: We define an inner product 〈 ·, · 〉 onΛ by making the two bases {mλ }λ and
�

hµ
	

µ
dual:



mλ, hµ
�

= δλ,µ

for all partitions λ,µ.

Proposition 11: Let zλ =
∏

k knk(λ) · nk(λ)! where nk(λ) is the number of parts of λ of size k. Then



pλ, pµ
�

= zλδλ,µ.
We also have that




sλ, sµ
�

= δλ,µ so that the Schur functions form an orthonormal basis of Λ.

Proposition 12: The involution ω is self-adjoint: 〈 f ,ω(g) 〉 = 〈ω( f ), g 〉. Thus, we have that 〈ω( f ),ω(g) 〉 =



f ,ω2(g)
�

= 〈 f , g 〉 for all f , g ∈ Λ.

1.4 Skew-Schur Functions and Skewing

Definition 13: For two partitions λ,µ, the skew Schur function sλ/µ(x) is defined by

sλ/µ(x) =
∑

SSYT T of shape λ/µ

x T

where the summation is taken over all semistandard Young tableau of shape λ/µ.

Proposition 14: For partitions λ,µ, we have that

sλ/µ(x1, . . . , xn) = det
�

hλi−µ j+ j−i(x)
�

1≤i, j≤n
,

sλ′/µ′(x1, . . . , xn) = det
�

eλi−µ j+ j−i(x)
�

1≤i, j≤n
.

Definition 15: For any symmetric function f ∈ Λ, the skewing operator f ⊥ : Λ→ Λ is defined by the property that for
all g,h ∈ Λ we have that 〈 f · g, h 〉=




g, f ⊥(h)
�

.

The discussion on skewing follows [GR26, Chapter 2].

Example 16: We have that s⊥µ (sλ) = sλ/µ.

Example 17: We have “dual versions” of the Pieri rules. For a partition λ and an integer r ≥ 0, we have that

h⊥r (sλ(x)) =
∑

µ

sµ

where the summation over µ is over all partitions µ such that λ/µ is a horizontal strip meaning no two boxes in the skew
diagram are in the same column. We also have that

e⊥r (sλ(x)) =
∑

µ

sµ

where the summation over µ is over all partitions µ such that λ/µ is a vertical strip meaning no two boxes in the skew
diagram are in the same row.
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2 The Affine Symmetric Group
We give multiple presentations of the affine symmetric group eSn. This mostly follows [Lam+14, Chapter 1, §2] but [BB05,

Chapter 8, §3] is another phenomenal source.

Definition 18: The affine symmetric group eSn is the Coxeter group generated by { s0, . . . , sn−1 } such that

s2
i = e

sisi+1si = si+1sisi+1

sis j = s jsi for i − j ̸= 0, 1, n− 1 (mod n),

where all of the above indices are taken (mod n). Thus, we have a notion of the length ℓ of a word in eSn.

Equivalently, eSn is the group of permutations w: Z→ Z such that for all k ∈ Z, w(i + kn) = w(i) + kn and
∑n

i=1 w(i) =
∑n

i=1 i. Thus, w is completely determined by w(1), . . . , w(n). Each si can be identified with the permutation swapping i+ kn

and i + kn+ 1 for all k ∈ Z.

Since w is determined by w(1), . . . , w(n), we express w= [w(1), . . . , w(n)] in window notation. We have an action of the
si on a window [w1, . . . , wn]:

[w1, . . . wn] · si = [w1, . . . , wi+1, wi , . . . , wn], 1≤ i ≤ n− 1,

[w1, . . . wn] · s0 = [wn − n, w2, . . . , wn−1, w1 + n].

2.1 Affine Grassmannian Elements

Proposition 19: For w ∈ eSn, the length ℓ(w) is given by

#
�

(i, j) ∈ [n]× [n]
�

� i < j, wi > w j

	

+
∑

1≤i< j≤n

�
�

�wi −w j

�

�

n

�

.

Definition 20: We have a copy of Sn ⊆ eSn generated by { s1, . . . , sn−1 }. The coset representatives of eSn/Sn are
given by affine grassmannian elements w ∈ eSn. These will be the minimal length representatives of each coset in eSn/Sn.
Equivalently, these are the w such that w(1)< · · ·< w(n).

2.2 Types of Partitions

Definition 21: A partition λ is k-bounded if λ1 ≤ k.

The hook length of a cell in a tableau is the number of cells directly below and the number of cells directly to the right,
including the cell itself.

A partition κ is an r-core if it has no cells of hook length equal to r. The size of κ, |κ|r is the number of cells of hook
length less than r.

A k-skew diagram is a skew-partition κ/ρ such that no cell if κ/ρ has hook-length exceeding k and all the cells where
ρ would be in the skew-partition have hook length exceeding k.
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2.3 Bijections Fix some n ≥ 1 and throughout let k such that n = k+ 1. All our examples will focus on k = 3, n = 4,
and m= 8.

Proposition 22 ([Lam+14, Proposition 1.3]): There is a bijection between the set of (k+1)-cores κ with |κ|k+1 = m

and k-bounded partitions λ ⊢ m.

The map sending a (k+ 1)-core to a k-bounded partition is done by simply removing the cells with hook length ≥ k+ 1

and realigning the rows to form a partition. This is shown in Figure 1. The map sending a k-bounded partition to a
(k+ 1)-core is computed by the following procedure. Starting from the smallest row in the diagram and moving upwards to
the largest row, slide cells in the row (and thus the above rows) to the right until there are no hooks of length at least k+ 1

in the current row. This is shown in Figure 2.

Example 23:

Figure 1: Map sending the (3+ 1)-core κ= (6,3, 2,1) to the 3-bounded partition λ= (3,2, 2,1). Cells marked with a red X
are the cells eliminated.

Figure 2: Map sending the 3-bounded partition λ= (3,2, 2,1) to the (3+ 1)-core κ= (6,3, 2,1). Cells outlined in red are
the cells shifted to the right.

In fact, the skew-partition formed by taking the core κ and eliminating all cells with hook length ≥ k+ 1 gives a k-skew
diagram. Then “filling in” the k-skew diagram gives us a (k+ 1)-core. We record this bijection.

Proposition 24 ([LM04; LM05]): There is a bijection between the (k+ 1)-cores κ with |κ|k+1 = m and the k-skew
diagrams with m cells.

We also get a bijection from the k-skew diagrams to the k-bounded partitions. Left-alignment of the rows of the k-skew
diagram gives us a k-bounded partition. To go from a k-bounded partition λ to a k-skew diagram, work from the smallest
row to the largest row of of λ, adding rows to the left-most position that does not form any hooks of length exceeding k+1.

Proposition 25 ([LM04; LM05]): There is a bijection between the k-bounded partitions λ ⊢ m and the k-skew
diagrams with m cells.

We see in Figure 3 that we have just built on the bijection stated in Proposition 22.

Example 26:

Figure 3: An example of the bijection between (k+ 1)-cores, k-skew diagrams, and k-bounded partitions.
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Proposition 27 ([Lam+14, Proposition 1.9]): There is a bijection between the affine Grassmannian elements of eSn

with length m and the (k+ 1)-cores κ with |κ|k+1 = m.

Definition 28: For a cell with coordinate (i, j) of a Young diagram, its content or diagonal index is the value j− i. For a
fixed n, its residue modulo n is the content modulo n.

Example 29:

Figure 4: Content and residue modulo 3+ 1 of the 3-bounded partition λ= (3, 2,2, 1).

We define an action of eSn on (k+ 1)-cores.

Definition 30: Let κ be a (k+ 1)-core and let 0≤ i ≤ n− 1. Then si ·κ is the (k+ 1)-core such that

• If a cell with residue i can be added to κ such that the resulting diagram is still the diagram of a partition, add all
such cells,

• If a cell with residue i can be removed from κ such that the resulting diagram is still the diagram of a partition, remove
all such cells,

• Else, leave κ as-is.

Note that the first two conditions can never happen simultaneously.

We now give the bijection between (k+ 1)-cores κ of size m and affine grassmannian elements w ∈ eSn of length m. To
go from an affine grassmannian element w of length m to a (k+1)-core κ of size m, use the above action of eSn starting from
the empty (k+ 1)-core. This is shown in Figure 5. To go from a (k+ 1)-core κ to a word w, first convert κ to a k-bounded
partition λ. Then read the residues of λ modulo n in each row right to left, from the bottom row to the top row, to get the
sequence of generators to form w. This is shown in Figure 6.

Example 31: The affine grassmannian word w= s1s3s2s0s3s2s1s0 ∈ eS4 corresponds to the (3+ 1)-core κ= (6,3, 2,1)

by the following sequence of steps:

Figure 5: Action of eS4 on (3+1)-cores to form the (3+1)-core κ= (6,3, 2,1). The light-blue numbers indicate the residues
of the cells being appended.

Below, we see that the residues of λ= (3, 2,2, 1) give the same affine grassmannian word w: Note that in the process of
going from an affine grassmannian word w to a (k+ 1)-core κ and back to a word w′, we will have that w= w′ in eSn but
the actual words may be different. For example, since s1 and s3 commute, w = s1s3s2s0s3s2s1s0 and w′ = s3s1s2s0s3s2s1s0

will produce the same (3+ 1)-core.
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Figure 6: Prior example of converting κ to λ, with resides modulo 4 given in light-blue.
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